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Abstract 
The microvibrations produced by momentum wheel assemblies (MWA) can degrade the performance of instruments with high 
pointing precision and stability on spacecraft. This paper concentrates on analyzing and testing the microvibrations produced by 
MWA. We analyze the disturbance sources produced by mass imbalance, structural mode, bearing irregularity and nonlinear 
stiffness, and random noise; then, test a well-balanced MWA by a highly sensitive measurement system consisting of a Kistler 
table and an optical tabletop. The results show that the test system has a resolution of less than 0.003 N in the frequency range of 
3-300 Hz. The dynamic imbalance of the MWA cannot excite the radial rocking mode, but there are dynamic amplifications 
when the poly-harmonic disturbances intersect with the structural modes. Especially at high rotational speed (>3 000 rev/min), 
the main disturbance sources of the MWA come from the bearing irregularity interacting with radial translation mode in the high 
frequency range. Thus, bearing noise deserves more attention for the well-balanced MWA, and alternative of high quality bear-
ings are proposed to reduce the microvibrations. 
Keywords: momentum wheel assemblies; microvibration; bearing irregularity; mass imbalance; vibration analysis 
1.  Introduction 1 
The microvibrations produced by mechanical sys-
tems onboard spacecraft, for example, reaction/mo- 
mentum wheel assemblies (R/MWA), cryo-coolers, 
thrusters, solar array drive mechanisms, and mobile 
mirrors, can degrade the performance of instruments 
with high pointing precision and stability [1-4]. These 
disturbances are attracting more and more attentions, 
because they are significant in the 1 kHz frequency 
range [5] and excite flexible modes of the spacecraft, 
which cannot be controlled or reduced by the attitude 
and orbit control systems. 
Reaction wheel assemblies (RWA) and momentum 
wheel assemblies (MWA) are widely used in high pre-
cision and stability spacecraft to provide attitude con-
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trol or maintain stability. A typical R/MWA consists of 
a rotating flywheel mounted on a shaft, which are sup-
ported by bearings and driven by a brushless direct 
current (DC) motor, with the whole assembly encased 
in a cover. In general, RWA has zero mean speed; it 
rotates in either direction, generally up to 3 000-4 000 
rev/min (revolutions per minute, RPM), to provide 
control torque in both directions along the rotational 
axis. An MWA usually rotates at a high mean speed 
(4 000-10 000 r/min) to provide momentum bias and 
stability to the spacecraft, as well as to provide control 
torque in both directions along the rotational axis [6].  
Generally, RWA and MWA are considered to be the 
largest micro-vibration source onboard spacecraft [7-9]. 
A number of studies have investigated the disturbances 
produced by R/MWA [10-14]. Masterson, et al. have con-
ducted substantial researches on RWA in the area of 
empirical and analytical disturbance models, and have 
pointed out that mass imbalances are the most signifi-
cant source of the disturbances [10-11]. Furthermore, Elias 
and Miller have proposed a coupled RWA disturbance 
analysis method using dynamic mass measurement 
Open access under CC BY-NC-ND license.
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techniques [12], and Shigemune and Yoshiaki have es-
tablished a method to measure lower frequency distur-
bances induced by R/MWA [13], which are traditionally 
difficult to detect, which reveals that the internal dy-
namics of the R/MWA closely relate to the disturbances. 
Zhou, et al. have proposed a cost-effective measure-
ment system consisting of a seismic mass and two high 
sensitive accelerometers, which has been used to test 
the microvibrations produced by a cantilevered mo-
mentum wheel assemblies [14]. Most papers published 
focus on disturbance produced by the mass imbalance 
and consider it as the largest disturbance source [10,14-15] 
or analyze the disturbance sources separately. 
In this paper, we consider the mass imbalance, 
structural modes, bearing irregularity and nonlinear 
stiffness and broadband random noises simultaneously, 
analyze the influence of each source on the characteris-
tic of microvibrations, and then, test a well-balanced 
MWA (which can also be used as a RWA) by a high 
resolution measurement system. The results show that 
the dynamic amplification is even greater than the mass 
imbalance when the bearing noise intersects with the 
translation mode at high rotational speed. 
The paper proceeds as follows. Section 2 analyzes 
the disturbance sources from MWA. Section 3 gives 
the details of the experimental test. Section 4 repre-
sents and discusses the results obtained by experiment. 
Section 5 summarizes the paper and presents the con-
clusion. 
2. Microvibrations Produced by MWA 
2.1. Linear mathematical model 
The method developed in Ref. [14] is employed to 
build up the linear mathematical model of the MWA, 
and the corresponding sketch of the model is as shown 
in Fig. 1.  
 
Fig. 1  Sketch of the mathematical model. 
In Fig. 1, the elastic support effect of the ball bear-
ings is represented by an elastic element S, which pro-
vides a linear stiffness matrix to the flywheel. f 1 1 1o x y z  
is the body coordinate at the mass centre of the fly-
wheel fo . 1h  is the vertical distance from fo  to S, 
2h  is the vertical distance from S to the centre of the 
mounted plane of MWA O. 1x , 1y , 1z , 1 , 1 , 1  
are displacement vectors of the body coordinates of the 
flywheel to its inertial coordinate; sx , ss , sz , s , 
s , s  are the relative displacement vectorsof the 
elastic element S. kx, ky, kz are the force coefficients in 
the x, y, z directions of the body coordinate respectively. 
 is the rotational angular speed.  
Using the Euler equations, ignoring the higher order 
terms and considering small angles, (i.e., sin  , 
cos 1  ), we can obtain the linear equations of mo-
tion of the MWA [14]. 
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where 
1
M  is the mass matrix of the flywheel in body 
coordinate; G  the gyroscopic matrix in the body co-
ordinate; 
s
C  the nonrotational damping mass matrix 
at S; 
s
K  stiffness matrix of the elastic element S; 1f  
the input disturbance force vector at the mass centre of 
the flywheel; 2f  the output disturbance force vector 
at the base mount centre O; s 1xT  the displacement 
transfer matrix; s1T  and s2T  are the force transfer 
matrices. Detailed expressions for each term in Eq. (1) 
and parameters of the MWA can be found in the Ap-
pendix A. 
Note that there is 1h =0, because the MWA is axial 
symmetrically supported in this paper. In addition, the 
damping matrix 
s
C  is assumed to be zero in this pa-
per. 
The output disturbance force 2f  can be deter-
mined by Eq. (1), if the input disturbance force 1f  is 
obtained. The comparison of disturbance force, caused 
by static imbalance between the mathematical model 
and the experimental results, are given in Section 4.4. 
2.2. Structural mode 
The eigenfrequencies can be obtained by solving the 
characteristic equation of Eq. (1). Figure 2 shows the 
variation of the eigenfrequencies with the rotational 
speed, which is called Campbell diagram. In Fig. 2, 
1  and 2  are frequencies of the radial rocking 
mode. They vary with the rotational speed due to the 
gyroscopic effect of the flywheel. Backward whirl 1  
softens the rocking mode, while forward whirl 2  
stiffens it. The axial and radial translation frequen-
cies 3 , 4 are horizontal lines, because they are 
independent of the rotational speed.    is the 
fundamental harmonic frequency, which represents 
the disturbance frequency produced by mass imbal-
ance. 
A detailed discussion of the structural modes of the 
MWA can be referenced in the Appendix A. 
· 642 · ZHOU Weiyong et al. / Chinese Journal of Aeronautics 25(2012) 640-649 No.4 
 
 
Fig. 2  Campbell diagram of the MWA. 
2.3. Disturbance input 
From Eq. (1), the force and moment outputs by the 
MWA are determined by the input disturbances. Thus, 
we investigate the main disturbance inputs, which are 
mass imbalance, structural modes, bearing irregularity 
and random noises as follows. In addition, the nonlin-
ear stiffness of the ball bearing and coupled effect are 
also analyzed. 
2.3.1.  Mass imbalance 
1) Static imbalance and dynamic imbalance 
The fundamental harmonic disturbances are mainly 
caused by static and dynamic imbalances, which arise 
from the asymmetry of the flywheel with respect to its 
rotating axis. Static imbalance results from the offset of 
the centre of mass of the flywheel from its rotating axis, 
which produces a radial centrifugal force during rotat-
ing. Dynamic imbalance is caused by the misalignment 
of the wheel’s principal axis and its spinning axis, 
which produces a radial torque during rotating [8]. 
The input disturbance force vector 
1
( )tf  caused by 
the static imbalance and dynamic imbalance can be 
expressed as follows: 
 1
2
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2
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where the static imbalance sU  and dynamic imbal-
ance dU  are flywheel mass property, s  and d  
their corresponding phase angles. 
2˅Rocking mode 
The rocking mode motion equation of the MWA is 
decoupled in this paper and it can be written as fol-
lows: 
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where I1r is the inertia in the radial direction of the fly-
wheel. 
Two distinct poles of Eq. (4) are determined to be 
2
1 1 1 11 ( ) +4 2zz zz r rI I k I I      and  12 ZZI   
2
1 1( ) +4zz rI k I  , which are the two frequency 
contents of backward and forward whirling 
mode in Fig. 2. Although there is an intersec-
tion between the backward whirling frequency 
1  and the dynamic imbalance frequency 
  , there is a system zero point 
2
0 11 1 1
/ 2( ) +4 rzz zz r II I k I       , which can be 
cancelled with the backward pole 1 . As a result, the 
dynamic imbalance would not excite dynamic amplifi-
cation at backward whirling. Besides, there is also no 
intersection of the fundamental harmonic    with 
the forward whirling line because 2  . Thus, if 
dynamic imbalance is the only input, there is no dy-
namic amplification.  
However, the poly-harmonics i in  ˈ in =23,···, 
may interact with the forward whirling mode and cause 
dynamic amplification at their intersections. In addition, 
the backward whirling mode may also be excited by 
the lubrication and friction of the bearing and other 
random broadband noises. 
2.3.2.  Bearing irregularity 
Angular contact ball bearings are widely used in 
MWA. In general, two of them are assembled in couple 
to provide support in the radial and axial of the fly-
wheel.  
A typical angular contact ball bearing consists of an 
internal ring, an external ring, numbers of ball bearings, 
and a cage, as shown in Fig. 3. In the figure, D is the 
average bearing diameter, d the diameter of the ball, 
  the contact angle. The irregularity of them will 
introduce disturbances during rotating [16-21]. And the 
angular frequencies of each disturbance can be ob-
tained by analyzing the relative motion of each part [22]. 
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Fig. 3  Sketch of angular contact ball bearing. 
Assume the internal ring is fixed, while the external 
ring is rotating with an angular velocity of . The an-
gular velocity of the cage relative to the internal ring is 
as follows: 
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1
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The angular velocity of the cage relative to the ex-
ternal ring is as follows: 
 ce
1
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2
d
D
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 (6) 
The angular velocity of the ball is as follows: 
 
2
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The angular velocities of the ball passing the internal 
and external ring are as follows: 
 bi ci
1z
n
   (8) 
 be ce
1z
n
   (9) 
where z  is the number of the balls in the bearing, 
1,2, ,n N  , N  is the number of bearings in the 
MWA. 
In addition, the rotating frequency of the cage often 
modulates the frequencies in question, creates peaks 
with frequencies as follows [23]: 
 bc b bi b bi, 2 ,         
(10)
 
The parameters of the contact angular bearing in the 
MWA are as follows: D =31 mm, d =6 mm,  =15e, 
z =10, N =2. Table 1 summarizes the characteristic 
frequencies of the disturbances from the bearings. 
Table 1  Frequency components of ball bearing 
Source Frequency 
Internal ring 
External ring 
Ball 
Cage 
Others 
2, 4 
3, 6 
2.5, 5.0, 7.5 ,10.0,Ă 
0.4, 0.6 
2.1, 2.9, 4.6, 5.4,Ă 
2.3.3. Random noise 
The structural modes will not be excited if there is 
no disturbance input. However, the lubrication and 
friction of the bearings and other disturbances sources 
would introduce a broadband random noise, and this 
type of noise may excite all the structural modes of the 
MWA [7]. In general, their amplitudes are relative lower 
compared with other disturbances. 
2.4. Nonlinear stiffness and coupling effect  
2.4.1.  Nonlinear Stiffness of ball bearing 
Angular contact ball bearings are widely used in 
MWA. Although many researchers investigate the per-
formance of the MWA by a linearized model, all the 
bearings present a more or less pronounced nonlinear 
behavior [24]. According to Hertzian elastic contact de-
formation theory, force-displacement characteristic of 
the ball bearing can be obtained as follows [25]. 
 
3
2
n nQ K !  (11) 
where Q  is the contact force, n!  the contact dis-
placement, and nK  the contact stiffness coefficient. 
Equation (11) shows that the contact force increases 
with an exponent of 3 / 2  of the displacement. In 
general, angular contact ball bearings in the MWA are 
preloaded by axial force to increase the stiffness and 
remove the clearance. 
The stiffness of the angular contact ball bearing is 
not only “nonlinear”, but also “time-variant”, i.e., the 
stiffness of the ball bearing varies with time when the 
system is rotating [25]. Figure 4 shows the two extreme 
conditions of the radial stiffness. rF  is radial applied 
force on the bearing, Qri is the corresponding contact 
force of each ball. The stiffness of the condition of 
“odd” press and “even” press are different, thus, the 
stiffness of the MWA is slightly changing with rotating 
of the MWA, with a frequency of z . 
 
Fig. 4  “Odd” and “Even” presses. 
2.4.2.  Coupling of the stiffness 
In reality, both of the radial and axial stiffnesses of 
the MWA change slightly with the load and they are 
coupled with each other. According to Hertizan theory, 
the stiffness of the ball bearing can be expressed by the 
contact stiffness of the ball with the internal and exter-
nal rings [25], as shown in Fig. 5. Fa and Fr are the axial 
applied force and radial applied force respectively. The 
axial and radial stiffness of the ball bearing changes 
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with different loads because the contact angle is different 
under different loading conditions. Furthermore, the dis-
turbances produced by the irregularity of the ball, internal 
ring and external ring, originate from the contact surface 
and transfer to the radial and axial simultaneously. 
 
Fig. 5  Coupling of the stiffness of the bearing. 
2.4.3.  Flexibility of spacecraft structure 
In general, the flexibility of the spacecraft structure 
(including the brackets to mount the MWA) will alter 
and add the frequency contents of the disturbances [10]. 
The disturbances emitted by the MWA are obtained by 
fixing the MWA on a hard mounted transducer, which 
is assumed as a “rigid” boundary condition. However, 
in reality, the boundary condition is “flexible” when 
the MWA is mounted on the spacecraft. The flexibil-
ity of the spacecraft structure (including the brackets to 
mount the MWA) will be excited by the high-frequency 
disturbance from the MWA, thus, the dynamic coupling 
between the MWA and the space structure will alter the 
frequency components, and generate dynamic amplifica-
tion at certain frequencies, which may cause dynamic 
interactions with the spacecraft elements and even may 
degrade the performance of the sensitive instrument, as 
reported by Ref. [8]. 
3. Experimental Test 
The microvibrations test was conducted on a meas-
urement system consisting of a Kistler table 9253B12 and 
an optical tabletop. The MWA was mounted on the Ki-
stler table, which measured the forces and moments in 
three directions produced by the MWA. The Kistler table 
was mounted on the optical tabletop, which was used to 
isolate the vibration disturbances from the ground and to 
keep the Kistler table horizontal, as shown in Fig. 6.  
During the test, the MWA operated from 0 rev/min to 6 
000 rev/min in an interval of 100 rev/min at 5-minute 
time intervals, to investigate the vibrations produced dur-
ing steady-state at each rotational speed. 
 
Fig. 6  Experimental system. 
4. Results and Discussion 
4.1. Background noise 
The background noise of the testing system is shown 
in Fig. 7. The optical tabletop is a low-frequency vi-
bration isolation system, with the vertical resonance 
frequency of 1.1 Hz. The effective measurement range 
is determined to be as follows: force is bigger than 
0.003 N at 3-300 Hz; moment is bigger than 0.001 N"m 
at 3-10 Hz, bigger than 0.000 3 N"m at 10-300 Hz. 
 
 
Fig. 7  Background noise. 
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4.2. Data processing 
In general, the experimental data obtained by the 
Kistler table is rough, thus, a series of data processing 
is employed to capture the main frequency components 
of the disturbance from the MWA, which is briefly 
introduced as follows. 
First, the polynomial trend of the measured data is 
eliminated by the method of least squares. Next, the data is 
smoothed by the cubic function of five points. After that, 
the data is further filtered by a band    pass filter (with 
band width varying from 3 Hz to 300 Hz) [26]. Finally,  
the frequency components of the wheel disturbances are 
visualized by transforming the data from time domain to 
power spectral densities (PSD) [11]. 
Figure 8 shows the frequency components of typi-
cal rotational speed when MWA rotates at 3 000 
r/min. It can be found that most frequency compo-
nents are consistent with the disturbance presented 
in Table 1. The amplitudes of certain higher har-
monics are even larger than that of the fundamental 
harmonic. 
 
Fig. 8  Power spectral density of xF (3 000 r/min). 
4.3.  Waterfall plot 
The waterfall plot is widely used to identify the 
disturbance trends across both frequency and rota-
tional speed in the rotational system [10]. It is ob-
tained by transforming the time domain data into the 
frequency domain, which is plotted side-by-side in a 
3-dime- nsional diagram. Figure 9 shows the water-
fall plots of the forces and moments produced at the 
fixed interface.  
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Fig. 9  Waterfall plots. 
Figures 9(a)-9(b) demonstrate that the radial distur-
bance forces are much similar to each other, and so are 
the radial disturbance moments shown in Figs. 9(d)-9(e). 
In Fig. 9(c), the axial force disturbance shows a char-
acteristic of high frequency range than that of the radial, 
and Fig. 9(f) shows that the amplitude of axial torque is 
rather lower than that of the radial.  
Note that an interval of 300 rev/min, instead of 100 
rev/min, is selected to clarify figures of the waterfall 
plots. 
4.4. Fundamental harmonic force simulation 
In general, it is difficult to simulate the output dis-
turbance 2f  in the mathematical model, because the 
amplitude and phase of the input disturbance sources 
1
( )tf  presented in Section 2.3 are difficult to be ob-
tained. 
However, the fundamental harmonic disturbance 
force can be simulated because the static imbalance has 
been provided by the manufacturer in Appendix A, 
which is sU =0.217 g"cm. 
The input disturbance caused by static imbalance 
can be written as follows: 
T
1
2 2
s s
( ) cos( ) sin( ) 0 0 0 0t U t U t      f  
Substituting 
1
( )tf  into the mathematical model 
(Eq. (1), the fundamental harmonic force can be de-
termined. 
Figure 10 shows the amplitude of fundamental har-
monic obtained by Eq. (1) and the experimental results. 
Note that 
i n
2
syF U   is the input force calculated by 
static imbalance, 
simy
F  the output force calculated by 
Eq. (1), and 
expy
F  the output force tested by experi-
ment. The output force 
expy
F is greater than the force 
input 
iny
F  at higher rotational speed, because the in-
creasing rotational speed is approaching to the critical 
speed of 15 000 r/min (250 Hz). The force obtained 
by simulation matches well with the experimental 
results, which verifies the validity of the mathematical  
 
Fig. 10  Amplitude of fundamental harmonic. 
model. 
Note that although the dynamic imbalance intro-
duces disturbance torque output, the moment output at 
the fixed interface is a combination of torque produced 
by mass imbalance and moment caused by the output 
force; therefore, it is difficult to separate one from the 
other without knowing their phase difference. 
4.5.  Microvibrations produced by structural mode
 and bearing 
Figure 11 shows the waterfall plot marked with 
the disturbance produced by the structural mode and 
bearing noise. The straight lines originated from the 
base point are 0.4, 0.6, 1.0, 2.0, 3.0, 4.0, 
5.0, 6.0, 7.5 by turns. The two curves origi-
nated from 62 Hz are the backward and forward 
whirl curves. The first horizontal line originated 
from 125 Hz is the axial translation frequency of the 
MWA. The second horizontal line originated from 
250 Hz is the radial translation frequency. The third 
horizontal line originated from 290 Hz is added by 
experimental results, considering the large distur-
bances between 250-290 Hz, and they may be caused 
by the nonlinear stiffness of the bearing interacting 
with the bearing irregularity. Figure 11 shows that 
the disturbance sources in Section 2 can effectively 
“pre-estimate” most of the disturbance frequency. 
Figure 11 shows that there is dynamic amplification 
when the bearing irregularity intersects with the fre-
quencies of the structural mode of the MWA, espe-
cially at the radial translation frequency range of 
250-290 Hz. The disturbance at the frequency range 
of 250-290 Hz is especially greater when rotational 
speed is close to 6 000 rev/min, because the forward 
whirl frequency would intersect with the radial-
translation frequency at 7 000 rev/min (as shown in 
Fig. 2). In addition, the disturbances caused by the 
cage in the bearing (0.4 and 0.6) are relatively 
lower compared with the others. 
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Fig. 11  Waterfall plots marked with frequency component. 
Figure 11(c) shows that the fundamental harmonic is 
the main radial disturbance at low rotational speed 
(< 3 000 r/min). However, the higher-frequency dis-
turbance, caused by the bearing irregularity interacting 
with the radial translation mode, becomes the main 
disturbance at higher rotational speed, especially close 
to 6 000 rev/min. The frequency components of the 
radial force and moment are much similar, which veri-
fies that they are coupled with each other actually. 
Figure 11(b) shows that radial disturbance force al-
ways locates at the higher frequency range of 
250-290 Hz, which is also caused by the bearing 
irregularity interacting with the radial translation 
mode. Thus, the disturbances caused by bearing 
noises deserve more attention for the well balanced 
MWA. 
5.  Conclusions 
1) The disturbance sources in this paper can effec-
tively “pre-estimate” most of the frequency compo-
nents of disturbance produced by MWA. There is dy-
namic amplification when the poly-harmonic distur-
bances interact with the structural modes. Especially 
when the rotational speed is higher than 3 000 r/min, 
the main sources of microvibrations come from the 
disturbances produced by bearing irregularity interact-
ing with the radial translation mode. Thus, alternative 
of high quality bearings are proposed to be an effective 
way to reduce the microvibrations from the MWA. 
2) The frequency components of the radial force and 
moment are much similar, which verifies that they are 
coupled with each other actually. The amplitude of 
axial moment is far lower than that of the radial. At 
high rotational speed (>3 000 r/min), the amplitude of 
axial force is even greater than that of the radial in high 
frequency range, and axial disturbance mainly locates 
at high frequency range of 250-290 Hz, which is the 
frequency range of the radial translation mode. 
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Appendix A 
A.1. Structural modes of the MWA 
There are six basic modes of the MWA: two radial 
translation modes, two radial rocking modes, an axial 
translation mode and an axial rotational mode. Note 
that because the whole assemblies are axially symmetric, 
the two radial translation modes are similar and the 
frequencies are equal. Thus, the two modes are repre-
sented by the radial translation mode in this paper, and 
so are the two radial rocking modes and frequencies. If 
1h =0, the radial translation mode and the rocking 
mode are decoupled, while for 1h # 0, these two modes 
are coupled with each other. Ignoring the axial rotation 
mode, Fig. A1 shows the axial translation mode, the ra-
dial translation mode and the rocking mode. 
 
Fig. A1  Basic modes of the MWA. 
A.2.  Terms in Eq. (1) 
The terms in Eq. (1) are as follows˖ 
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A.3. Parameters of the MWA 
Table A1 shows the parameters of the MWA in this 
paper. Parts of the parameters are calculated by the 
authors and estimated by experimental, and the others 
are provided by the manufacturer. 
Table A1  Parameters of the MWA 
Parameter Value Source 
Working speed range/(r"min1) f5 000 Manufacturer
Maximum speed/(r"min1) < 6 100 Manufacturer
Static imbalance/(g"cm) 0.217 Manufacturer
Dynamic imbalance/(g"cm2) 0.130 Manufacturer
Mass of MWA/kg 3.39 Manufacturer
Mass of the flywheel/kg 1.282 Calculated 
Moment of inertia of the flywheel 
1xxI , 1 yyI /(kg"m
2) 
0.003 21 Manufacturer
Moment of inertia of the flywheel 
1zzI /(kg"m
2) 
0.006 41 Calculated 
Moment of inertia of the MWA 
xxI , yyI /(kg"m
2) 
0.010 30 kg Calculated 
Natural frequencies 
,  ,  ,  ,  / Hzkx ky kzf f f f f   
250, 250,125, 
62, 62 
Experimental 
estimation 
, ,  
x y z
k k k /(N"m1) 
3.16h106, 
3.16h106, 
7.9h105 
Calculated 
k

, k

/(N"m"rad1) 4.87h102 Calculated 
 
 
 
